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Abstract
In 2000 a series of MDs have been performed at the SPS
to measure resonance driving terms. Theory predicts that
these terms can be determined by harmonic analysis of
BPM data recorded after applying single kicks to various
amplitudes. Since the SPS is a very linear machine we had
to introduce strong sextupoles to create a sizable amount
of nonlinearities. In most cases we used the parasitic MD
cycle (MESPS) which consists of a short single bunch at
injection energy of 26GeV. Moreover, we had one long
MD with a batch accelerated to 120GeV. For both energies
MAD optic models have been prepared. The expected non-
linear content is compared to the experimental observation.
1 INTRODUCTION
Since many years perturbation theory [1] and more recently
the Normal Form [2–5] techniques have been used to un-
derstand nonlinear motion of single particles in hadron ac-
celerators. This has proven to be very useful in the design
phase of an accelerator. When it comes to existing ma-
chines these sophisticated tools have been rarely in use up
to now. In part this is due to the complexity of the theory
but also due to the fact that a nonlinear model of the accel-
erator cannot be predicted easily. Checking such a model
experimentally [6, 7] may prove even more difficult.
One well documented attempt to overcome this problem
has been made by Bengtsson [8]. In the framework of the
first order perturbation theory he has studied how the real
spectra from tracking or experimental turn-by-turn data can
be related to resonances. This study has stopped short of a
complete solution. An important prerequisite to his analy-
sis was a tune measurement technique superior to the stan-
dard FFT [9]. Similar attempts were performed in the field
of celestial mechanics [10].
Recently, new techniques were developed [11, 12], al-
lowing an even more precise determination of the tunes.
It seems therefore appropriate to review the link between
experimental data and theoretical models. The frequency
map analysis by Laskar [11] can be used not only to derive
the tune, but also to find spectral lines in descending order
of magnitude. It has already been shown how these spec-
tra can be applied to remove from a sequence of tracking
data unwanted regular complexity. Moreover, this method
has been successfully used to correct resonances excited by
sextupoles [13].
In this article we summarise our SPS experiment to es-
tablish this method as a tool ready for the use in the con-
trol room. Final results cannot be given however since the
analysis is still very preliminary and more experiments are
needed in 2001.
2 SOME THEORY
The theory has been developed in depth in Ref. [14] a short
outline of which can be found in this section.
2.1 Formalism






mj , nj ∈ Z,
(1)
The connection between one–turn maps and Normal Form
can be conveniently described using the Map – Normal










Generating function F and Hamiltonian H are given by:
Φ = e:F (J,φ): , U = e:H(J): . (3)
The Normal Form coordinates can then be written as:
ζ = e−:Fr:h, h±z = zˆ ± ipˆz, (4)
























The generating function in action leads to:
h = e:Fr:ζ = ζ + [Fr, ζ] +
1
2
[Fr , [Fr, ζ]] + · · · (7)















As a consequence the terms of the generating function and
the spectral lines are related as follows:
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............... Generating Spectral ...............
............... Function Line ...............
............... ...............
............... |HSLjklm| = 2 · j· (2Ix) j+k−12 (2Iy) l+m2 |fjklm| ...............
............... Amplitude |fjklm| ...............
............... |V SLjklm| = 2 · l· (2Ix) j+k2 (2Iy) l+m−12 |fjklm| ...............
............... ...............
............... ...............
............... PHSLjklm = φjklm + (1− j + k)ψx0 − (l −m)ψy0 − π2 ...............
............... Phase φjklm ...............
............... PV SLjklm = φjklm − (j − k)ψx0 + (1− l +m)ψy0 − π2 ...............
............... ...............
2.2 Simple Rule
A simple rule holds that says that for each resonance (n, m)
there is a spectrum line in the horizontal and vertical plane
respectively:
• Horizontal Plane (−[n− 1],−m)
• Vertical Plane (−n,−[m− 1])
For example the (3, 0) resonance appears as a (–2, 0) line,
the (1, 2) resonance is found as (0, 2) line, both in the hori-
zontal spectrum. The skew resonance (0, 3) is not found in
the horizontal spectrum, but appears as (0, –2) in the ver-
tical spectrum. The subresonances, i.e. those resonances
that are smaller by a multiple of 2 compared to the largest
order resonance, are a bit more complicated. Nevertheless
part of the rule applies, for instance the (1, 0) subresonance
is linked to the (0, 0) line in the horizontal spectrum.
An example of an FFT spectrum for tracking data for a









Figure 1: Example of a FFT spectrum for SPS tracking
data.
Fig. 1. Resonances of up to 9th order have been identified.
Notice that the (5, 0) is found twice: the larger one is due to
the fifth order resonance, the smaller one is a subresonances
of seventh order resonance. The reason that those two lines
appear is the fact that the horizontal tune is close the fifth
order resonance, i.e. Qx = 0.6.
3 APPLICATION IN TRACKING
STUDIES
3.1 Reduction of Phase Space Deformations
In a first example (LHC case in Fig. 2a, c) the do-nut
shaped horizontal phase space is reduced to a near perfect
circle by removing the first 100 dominant lines. It goes
without saying that the tune line has to be kept. This proce-
dure does not introduce high order distortions which tend to
spoil the usefulness of perturbative techniques like Normal
Form.
The strong reduction of phase space distortion can be
applied to sharpen the method for detecting the onset of
chaos [16]. In Fig. 2b a typical case is shown of the evo-
lution of the angular distance in phase space of initially
close–by particles. In the case of regular motion a linear in-
crease of this distance is expected. The large variations of
the distance may make it difficult however to decide about
the nature of the particle motion.
The subtraction of lines (compare part d.) to part b.))
offers an easy and reliable method to reduce these varia-
tions. The most difficult test is the study of motion close
to resonance structures. The large five islands (SPS case in
Fig. 3a) can indeed be reduced to points by the subtraction
of lines as seen in part b.). The one essential precondition
of this method is however the existence of a well defined
tune. The method therefore fails in the case of chaotic mo-
tion, here achieved by approaching the vicinity of the sep-
aratrix motion. The subtraction of 100 lines that transform





Figure 2: Reducing Phase Space Distortions by Subtraction of dominant Lines
Part a.) shows a typical horizontal phase space plot of nonlinear particle motion in a LHC structure. The linear increase
of the distance of two initially close-by particles indicates that the motion is regular, that is to say stable forever. Taking
out the most dominant lines (with the exception of the tune line) reduces the phase space to a near perfect circle part c.).
Moreover the increase of the distance in phase space, the distance in phase space, which is shaped like a wedge as seen in




Figure 3: Reducing Phase Space Distortions close to the 5th Order Resonance
The motion close to a 5th order resonance is shown in part a.). Taking out the 100 largest lines while keeping the tune
line reduces the islands to points which are just visible in part b.). The method works of course only for regular motion.
Once chaotic motion is considered, here by approaching the separatrix part c.), the subtraction of lines no longer leads
to point-like objects part d.). On the contrary, one can argue that the phase space has become more distorted after this
subtraction.
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Figure 4: Choosing best places for correcting the (3, 0) resonances with sextupoles.
a.) b.)
Figure 5: Reduction of Phase Space Distortion due to Correction of Resonances
In part a.) the horizontal phase space of particle motion is shown in a LHC lattice with the (3, 0) and the (1, 2) resonance
strongly excited. These resonances have been corrected resulting in the corresponding phase space projection as depicted
in part b.).
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3.2 The Correction of the Resonances in the
LHC
A possible exploitation of the techniques discussed so far
consist in the correction of the resonance contributions gen-
erated by the nonlinear elements in an accelerator lattice.
For this purpose tracking data of a realistic LHC model are
analysed.
Following well established strategies for the correction
of the resonances [17] one has to to identify the location
and the strength of a set of corrector families to compen-
sate the third order resonances (3, 0) and (1, 2). A fam-
ily of sextupolar spool pieces, normally used to correct the
average b3 component along the lattice was split into sev-
eral families to compensate the cosine and sine term of the
two resonance. Using tracking data at each location of the
correctors the best places for correctors could be identified,
i.e. longitudinal locations where the oscillations of the lines
have their extreme values (Fig. 4). Two resonances were
corrected simultaneously each with two correction family
while keeping the b3 corrected on average. In this way the
amplitude of the lines could be reduced by more that 50%.
The resulting reduction of the phase space distortions is
clearly visible in Fig. (5). In the tracking (Tab. 3.2) it can
be seen that the double resonance correction leads to an
improvement of the dynamic aperture of almost 10%.
Table 1: Improvement of Dynamic Aperture due to Reso-
nance Correction.
Stability Uncorrected Correction
Border LHC lattice of (3, 0) & (1, 2)
Resonance
Regular Motion 15.5 16.9
Strong Chaos 16.0 17.1
Lost before 16.9 18.0
1000 Turns
4 EXPERIMENTS AT SPS
4.1 List of Observables
This FFT based method should allow to measure all linear
and nonlinear observables relevant to single particle dy-
namics. In particular the aim is to measure the following
properties:




• Detuning versus amplitude
• Driving terms of resonances
• Localisation of multipoles
• Full non–linear model of the accelerator
An interesting example is the β–beating which can be
interpreted as the appearance of the second order reso-
nance when compared with a nominal machine without the
quadrupole kicks that create this β–beating. According to
the simple rule we search for the (2, 0) resonance which
appears as the (-1, 0) horizontal spectrum line. In phase
space (Fig. 6) the typical quadrupole deformation is clearly
visible. The advantage of the complex signal analysis is
also apparent: the maximum β–beating in the machine is
at an angle where the ratio between the two curves has a
maximum. It can therefore be determined independent of
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Figure 6: Appearance of β–beating as a second order reso-
nance (SPS tracking data).
4.2 General remarks about the SPS experiment
In 2000 we have accumulated a lot of data at 26GeV but we
also have some data at 120GeV. We are presently working
on both, the data analysis and the preparation of models for
the simulation for both energies. However, up to now the
results are still preliminary. Most data are taken at 26GeV
at which energy the machine is not well reproducible. The
problems we have found are as follows:
• Detuning may change sign from session to session
• Very different dynamic aperture observed
• A possible explanation are remanent fields of b3 and
b5
• Remanent octupoles seem also to cause problems
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• Only after establishing model can one try to under-
stand the experiment
The experiment at 120GeV is during long dedicated ma-
chine development periods which are hard to get. We like
the machine at this energy since it is quite reproducible,
in particular we have a model that describes well what we
measure. However, we had only one session which is use-



















































































The detuning versus emittance (x = Ax·Ax/βx) was mea-
sured and compared with the tracking model (Fig. 7) which
includes sextupoles and octupoles to our best knowledge.
As in previous years the agreement is found to be excel-
lent.
Resonances (3, 0) and (1,0)
According to the simple rule these are the (–2, 0) and (2, 0)
spectral lines. The experimental and the data of the model
are averaged over all locations around the machine, so there
is an average value and a σ for both curves due to the large
longitudinal fluctuations (see Fig. 8). The positive find-
ings are that the experimental data show the expected lin-
ear dependence with amplitude (1/2x = Ax/β1/2x ) and that
both curves have approximatively the same relative errors
(at twice the signal strength we find twice the σ value). Un-
fortunately, the theoretical values are larger by a factor of
2. One possible explanation could be that the resonance
line decoheres faster than the tune line itself. However, by
now this is just an assumption without prove. More study
is clearly needed to explain this large discrepancy.
Localisation of Multipoles
Taking into account the factor of 2 we find in the experi-
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Figure 9: Localisation of multipoles: upper part Experi-
ment, lower part Model.
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model data (lower part of Fig. 9) large changes of the res-
onance strengths at the location of the strong sextupoles.
Inspecting these data more closely we found that the data
of the experiment are out of phase with respect to the model
data, in fact the data seem to be shifted by half the machine
length. More detailed analysis will have to explain the ori-
gin of this shift. Note also that the factor of 2 discrepancy
of the amplitudes and the phase shift have been observed
for 2 different resonances, so we expect to find simple ex-
planations soon.
4.4 Linear Coupling SPS 26GeV
As mentioned above we are not yet ready to present the
equivalent data for the SPS at 26GeV. However, we have
performed an interesting experiment concerning linear cou-
pling at that energy. The simple rule says that the skew res-
onance (1, –1) is found in the horizontal plane as the (0, 1)
spectral line.
y = -83.082x + 6.3656
R2 = 0.9851
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Figure 10: Normalised vertical tune line as a function of
skew quadrupole strength.
We have varied the skew quadrupole strength and
recorded the (0, 1) spectral line (Fig. 10), in fact we found it
necessary to average this line over several shots. Although
it is not yet clear why such an averaging is necessary we
could easily determine the optimal skew quadrupole set-
ting. Note, that it has yet to be understood why the slope
changes by a factor of 2 above and below the optimal skew
quadrupole setting respectively. In a subsequent proce-
dure to determine the closed tune approach we found that
this skew quadrupole setting allowed the tunes to be ap-
proached to about 2 · 10−4.
5 CONCLUSIONS
This method allows (in theory) a full understanding of all
linear and nonlinear single particle phenomena. For a real
accelerator however there are two main problems to be
overcome:
• Pick–up nonlinearities and resolution
A study of the LHC pick–up system (Fig. 11) has been
performed to test how the BPM nonlinearity and

































































Resolution=0.007 mm. Aptp=140 um
Aptp = 140µm. σnoise = 7µm
Figure 11: BPM limitations: the upper part of the graph
shows that sextupolar lines can be determined for large
BPM nonlinearities and even in the presence of some limi-
tations with respect to resolution; the octupolar lines (lower
part of the graph) can only be measured for unrealistically
low BPM nonlinearity and resolution
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resolution influences our ability to measure the sex-
tupole and octupole lines. Due to the fact that the
BPM nonlinearity is an uneven function with respect
to the amplitude the sextupolar resonance lines can be
measured while this is not possible for the octupolar
ones, in particular as the latter are by far smaller in
size. Similarly, the octupole signal is much more af-
fected by the BPM resolution.
• The artificial damping due to phase space filamenta-
tion
This a subject of much concern and needs a very thor-
ough analysis. Moreover, there might be a possible
way out by constant excitations with AC dipoles in-
stead of the standard kick method [18].
For this type of experiment one has to work with series
of machine fillings using pencil beams which are kicked
over a large range of amplitudes. A pick–up system around
a machine is of great value in this study since it allows to
localise the nonlinearities longitudinally.
Concerning the experiments in 2000 there are some
promising results for the SPS experiment at 120GeV, al-
though they cannot yet be called conclusive. We are strug-
gling with the experiments at 26GeV since the beam con-
ditions are not very reproducible. The analysis and the the-
oretical studies are in progress and more solid results are to
be expected for this year. Lastly, it is obvious that more ex-
periments are needed in the coming years to fully establish
this method as a tool for the control room.
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